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The modification of a turbulent wind profile owing to momentum transfer from 
wind to surface waves is calculated in terms of the power spectrum of the surface- 
wave slope. The reduction in profile curvature, and hence of the wind-to-wave 
energy-transfer coefficient, is estimated on the basis of a Neumann spectrum. 
It appears that this reduction is likely to be small for typical wind speeds. 

1. Introduction 
Stewart (1 961) has pointed out that the transfer of momentum to surface waves 

from wind blowing over water must affect the wind profile. Invoking basic simi- 
larity arguments, he inferred that the mean shear in a turbulent wind would be 
reduced (relative to its value for flow over a plane wall) by this momentum 
transfer, but he did not attempt any quantitative calculations. Another, 
possibly important effect (which Stewart did not mention) of this momentum 
transfer is the consequent reduction of profile curvature, and hence of the Rey- 
nolds stress that is responsible for the momentum transfer (Miles 1957, 1960). 

We present here a calculation of the reduction of profile curvature in terms of 
the power spectrum of the surface-wave slope. It appears, on the assumption of 
empirical results for both the power spectrum and the mean-square slope 
[ (3 .6 )  and (1.6) below], that this reduction, and hence also the reduction of profile 
slope, is small for typical wind speeds. (However, the effect of the surface waves 
on the profile itself remains substantial insofar as they determine the effective 
roughness.) 

Before entering into the details of our calculation, we note that Stewart based 
his numerical estimates of the effective shear stress associated with the momen- 
tum transfer to surface waves, say rw, on a series of measurements of wave 
height and period against wind duration, with wind speed as a parameter. An 
alternative estimate can be inferred from the empirical result [Munk 1955, 
using data based on Van Dorn's 1953 measurements] 

7w = 0.68 x lO-'p(gV,)-* U;, (1.1) 

where p denotes the density of the air, g the acceleration of gravity, vw the kine- 
matic viscosity of the water, and U, the wind speed at an anemometer height of 

f Present address: Institute of Geophysice and Planetary Physics, university of 
California, San Diego. 
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10m above the surface. Expressing the total shear stress, say 7, in terms of a 
drag coefficient cd, such that 

7 = cdpu;, (1.2) 

we obtain 7,/7 = (0.68 x 1o-'/cd) (gyw)-) u,. (1.3) 

Introducing the empirical result (Sheppard 1958) 

cd = 8 x lop5+ 1.14 x 1O-'Ua (1.4) 

and substituting g = 103 and v, = all in cgs units, we obtain 

7,/7 = 0.28( 1 + 70U;')-l, (1.5) 

where U, is in cmlsec (20 knots = lo3 cmlsec). Stewart's estimate was T,/T = 0.2. 
[The referee has pointed out that (1.1) actually expresses the difference in stress 
on a surface with and without waves and therefore gives the sum of rW (as the 
symbol is used elsewhere in this paper) and any increment of skin friction 
associated with the change in roughness. Granting this objection, we infer that 
(1.5) may overestimate the shear stress associated with the momentum transfer 
to the surface waves.] 

We also note that the mean-square slope of the surface is given by the empirical 
expression (Cox & Munk 1954) 

(1.6) 
- 

~2 = 1.1 x 10-4(gvw)-f u,, 

7, 17 = (6.2 x 10-316,) $3. 

the substitution of which in (1.3) yields 

(1.7) 

This suggests that the shorter waves, which are more important for the power 
spectrum of the slope, relative to that for the energy, may be especially significant 
in the present context (Stewart's estimate was based on the observationally 
predominant long waves). 

We emphasize that the empirical results (1.1) and ( 1.4), on which the estimate 
(1.5) is based, do not enter the subsequent analysis; on the other hand, we shall 
invoke the empirical result (1.6) in the final step of estimating the reduction of 
profile curvature. 

2. Momentum transfer 
We shall assume that a statistically steady state has been achieved (such that 

the surface-wave displacement can be described by a stationary random function) 
and shall consider that portion of the turbulent boundary layer in which the total 
shear stress can be regarded as constant and the viscous shear stress neglected. 
We then can write 

7,(2) +7,(2) = 7 = put, (2.1) 

where 7, denotes the turbulent Reynolds stress and rW the Reynolds stress 
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associated with the momentum transfer to the surface waves. Invoking well- 
known similarity arguments,’f we shall assume that 

7&) = P [ K Z ~ ‘ ( ~ ) l 2 ,  (2.2) 
where U’(z) is the mean wind shear and K is von K&rm&n’s constant. 

We shall proceed on the assumption that the surface-wave displacement is 
sufficiently small to permit linear superposition over a two-dimensional spectrum. 
We then can represent the displacement by the stochastic integral 

c(x, t )  = gJ/ei(k.rSt)dA(k), (2-3) 

where x = (2, y) is a two-dimensional vector, and k = (k cos 8, k sin 8) is a vector 
wave-number. We shall refer the power spectrum of 5, say 2, to c and 8, such that$ 

where dA* is the complex conjugate of dA, and the overbar implies a mean value. 
The Reynolds stress for a simple-harmonic surface wave is given by (Miles 

rw = pu;pt%Osw~ ( X  2,) ( 2 . 5 ~ )  1957, 1960) 

= o  (2 ’ zc)7 (2 .5b )  

/3 is an energy-transfer coefficient, U, is a reference velocity, and U(z )  is assumed 
to be monotonic. In  general, /3 is a function of the single parameter kz,, but the 
supposition of the logarithmic profile 

renders i t  convenient to write 

where U(2,) cos 8 = c, (2.6) 

U(Z) = (U*/K) log (zlzo) (2.7) 

p = p(clu, cos 8, n), n = gzol u: (2.8a, b) 

Now let us suppose that cis defined by (2.3) and (2.4). We then can generalize 
and to choose u, = U * / K .  (2.9) 

(2.5) to obtain (cf. Miles 1967, equation (8.3)) 

Introducing the slope spectrum 

we can rewrite (2.10) in the more convenient form 

q c t  8) = ~z(c ,  el, 

7,@) = P U”,( U ) ,  

(2.10) 

(2.11) 

(2.12) 

t The implicit assumption that z is the only relevant scale length for 7e must be valid as 
r,/r, --f 0 and is consistent with the subsequent assumption of small surface-wave dis- 
placement. 

$ Frequency may be preferable to wave speed for observational purposes; thus, Longuet- 
Higgins (1962) introduces the directional spectrum F(a,  O), such that F d a  = Zdc, where 
a denotes angular frequency. 
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Substituting (2.2) and (2.12) into (2.1), we obtain 

U'(4  = ( U * / K 4  [1 -f(u)l* ( 2 . 1 4 ~ )  

(2.14b) 

As it  stands, ( 2 . 1 4 ~ )  is an implicit differential equation for U ( z )  that yields the 
logarithmic profile of (2.7) in the absence of surface waves (f= 0). Invoking 
the assumption of small disturbances, already implicit in (2.10), we can calculate 
/3 andfon the basis of the profile (2.7) and then calculate the next approximation 
to the profile by integrating (2.14b). Higher approximations could be obtained 
from ( 2 . 1 4 ~ )  by iteration, but they would be inconsistent both with the lineariza- 
tion of the equations of motion in the calculation of p and with linear super- 
position over the surface-wave spectrum. 

= (& /Kz)  [ 1 - *,f( u)]. 

3. Reduction in curvature 

Let G(z) = -zU"(Z)/U'(Z)  (3.1) 

be a measure of profile curvature; G = 1 for the logarithmic profile of (2.7). Dif- 
ferentiating (2.14), we obtain 

G ( 4  = 1 + &(u*/K)f'(u) [1 -f(U)l-* ( 3 . 2 ~ )  

(3.2b) = 1 -!- # u * / K ) f (  u). 
Differentiating (2.13) and invoking (2.9), we obtain the first approximation 

The energy-transfer coefficient j3 is proportional to the ratio of profile curvature 
to slope in the critical layer, and hence to  G(z,), but otherwise it is relatively 
insensitive to the shape of the velocity profile. Accordingly, we can estimate the 
non-linear reduction of the energy transfer to a given part of the spectrum, in 
consequence of the profile change induced by the entire spectrum (there may be 
other non-linear modifications of Po), according to 

where Po is based on (2.7), and G(z )  is given by (3.2b) after approximating p 
by Po in (3.3). Combining (3.23)-(3.4), we can place the result in the form 

It will suffice for a rough estimate of G to assume the Neumann spectrum 
(see Ocean Wave Xpectra 1963, especially Longuet-Higgins, Cartwright & Smith, 
for more accurate approximations) 

(3.6) 

where 28, is the angular width of the spectrum. 
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Substituting (3.6) into (3.31, we obtain 

where 

This last integral can be expressed in terms of tabulated functions, but we shall 
rest content with the approximation 

@(u,8,) = exp( -2~~~os~8~)[ l -~s in28 , ] ( s in8~/8 , ) [1+O(u~)] .  (3.9) 

We add that (3.9) gives an upper bound to 0 and has a maximum value of unity 
(at u = 8, = 0). 

Substituting the mean-square slope into (3.7) from (1.6), setting K = 0.4, 
g = lo3 and vw = 

(3.10) 

where U, is in cmlsec. The factor /3@ cannot exceed a value of roughly 2, corre- 
sponding to a minimum value of 1 - 10-3U, for G ;  e.g. G > 0.94for U, = 20 knots. 

and then substituting the result into (3.2b), we obtain 

G(z) = 1 - 6.3 x lO-'U*P( UlUi, a)  @( UjU,, 60), 

4. Conclusion 
We emphasize that the analysis of (2.1)-(3.5).rests on a number of rational, but 

still not firmly established, assumptions. Moreover, our numerical estimate of 
Grests on the additional (and less rational) assumptions of the Neumann spectrum 
(3.6) and of the empirical expression (1.6) for the mean-square slope. Thus, the 
assumption of some other spectrum, in place of (3.6), couldeasilyalter @andhence 
1 - G by a factor of 2 (e.g. the assumption X = 0 for c > gU, would require the 
right-hand side of (3.6) to be increased by the factor 1.47 for c > $Ua, with a 
corresponding increase of a). 

With these reservations, we conclude that the reductions of profile curvature 
and slope owing to momentum transfer from a turbulent wind to surface waves 
are small for typical wind speeds. 

This research has been partially supported by the Office of Naval Research 
under Contract Nonr-4266(00). 
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